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CN ■ Abstract 

o. 

^^ . Contrary to common belief, the standard tenet of Brans-Dicke theory reduc- 

ing to general relativity in the u; — > oo limit is false when the trace of the matter 
energy-momentum tensor vanishes. The issue is clarified in a new approach us- 
ing conformal transformations. The otherwise unaccountable limiting behavior of 
(^', Brans-Dicke gravity is easily understood in terms of the conformal invariance of 

the theory when the sources of gravity have radiation-like properties. The rig- 

. . ■ orous computation of the asymptotic behavior of the Brans-Dicke scalar field is 

i^ , straightforward in this new approach. 
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1 Introduction 

Brans-Dicke (BD) theory is the prototype of gravitational theories alternative to Ein- 
stein's general relativity [Q . The essential feature of Brans-Dicke theory is the presence 
of a scalar field to describe gravitation together with the metric. In this sense, BD grav- 
ity is a modification of general relativity, in which the gravitational field is described by 
the metric tensor alone. 

Currently there is a revival of interest in Brans-Dicke gravity and its generalizations, 
which are collectively known as scalar-tensor theories |^. The reasons for the current 
interest are several. First, the association of scalar fields to the metric seems to be un- 
avoidable in superstring theories [0 . Secondly, scalar-tensor theories are invariant under 
a restricted class of conformal transformations [0]-|0; and this property is reminiscent 
of the conformal invariance of string theories in the string frame. Further motivation 
comes from the fact that BD gravity can be derived from a Kaluza-Klein theory |^ in 
which the scalar field is generated by the presence of compactified extra dimensions, an 
essential feature of all modern unified theories. 

Finally, not the least reason for the renewed interest is the study of BD and scalar- 
tensor theories with respect to their cosmological applications, the extended and hy- 
perextended inflationary scenarios p|, |[. Many authors ||10|-||15l have considered the 



possibility that general relativity behaves as an attractor for scalar-tensor theories 
It is generally agreed that the convergence of BD gravity to general relativity can occur 
during the matter-dominated era, or even during the inflationary phase of the early 
universe. The convergence of scalar-tensor theories has been studied in Refs. [jl8|, |19|: 



a scalar-tensor theory converges to general relativity if |T8|, [19 



uj — ^oo, — — — ^0. (1.1) 

uj-^ d(p 

This paper is restricted to consideration of the BD theory for the sake of simplicity. 

It is a common belief that BD gravity reduces to general relativity when the BD 
parameter cj ^ oo (see e.g. Ref. [20||), and the BD field (j) is believed to exhibit the 
asymptotic behavior 

= </)o + oQ (1.2) 

(where 0o is a constant) when uj —>■ oo. However, the standard tenet about the uj —>■ oo 
limit has been shown to be false; a number of exact BD solutions have been reported not 
to tend to the corresponding general relativity solutions when cj ^ oo [pl-p^) HH HI- 



In addition, the asymptotic behavior of the BD field is not ( |1.2| ) but rather 




1.3) 



for these solutions. These occurrences are alarming since the standard belief that BD 
theory always reduces to general relativity in the large u limit is the basis for setting 
lower limits on the a;-parameter using Solar System experiments |^ (the limit uj > 500 
coming from time-delay experiments [^ is often quoted). 



As an example, one can consider the static, spherically symmetric, vacuum Brans 
solution [pTI, |3^ given by 



ds^ = -e''''dt^ + e^f' 
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and where M is the mass. This solution reduces to the Schwarzschild solution of Ein- 
stein's theory for uj ^ oo |Q . However, choices of the constant C different from the 
one in Eq. ( |1.9| ) are possible, and for arbitrary values of the parameter C the solution 
( p..4| )-( pr9D does not reduce to the Schwarzschild solution when uj —>■ oo. In addition, 
the scalar field exhibits the asymptotic behavior ( |1.3| ) in these cases [^, |2S|, ^. It is to 
be remarked that the values of the parameters (M, C, u) in the Brans solution are not 
arbitrary; physical requirements impose constraints between the allowed values of these 
parameters. This is the content, for example, of Ref. p^, in which it was shown that the 
positivity of the tensor mass puts bounds on C and a ||3^. A complete understanding 



of the relationships between the parameters M, C and a;, and their respective ranges 



of admissible values is not yet available. To make the situation worse, the limit of the 
Brans solution, like that of any BD exact solution, depends on the coordinate system 
adopted (see Ref. [^ for a discussion of the coordinate-dependence, and Refs. [^, |2^ 
for a coordinate-independent approach to the problem). A detailed study of the Brans 
solution requires considerations specific to this particular solution, which is not the main 
topic of the present paper, and will be the subject of a future work. 

Other examples of exact BD solutions studied in the literature which do not have the 
expected general relativistic limit for cj — > oo include the static, spherically symmetric, 
electrovacuum solution of Ref. [^; Nariai's [^ solution with the radiation equation 
of state; the cylindrically symmetric, electrovacuum solution of Ref. |^8|]; the vacuum 
O'Hanlon and Tupper ||3^ solution; the Bianchi I universe with radiation equation of 
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the static cosmological solution of Ref. [^]; the Einstein-de Sitter solution 
and the solutions with cylindrical symmetry and T 7^ of Ref. [^. 



Ref. PT| for the weak field limit of BD solutions. 

Recently, it was realized that the asymptotic behavior of BD solutions goes hand- 
in-hand with the vanishing of the trace T = T"q, of the matter stress-energy tensor 
Tq,/3 ||33[. This is a hint suggesting a new approach to the issue of the u; — *^ cxd limit 
of BD theory. The vanishing of the trace of the stress-energy tensor is associated to 



conformal invariance [J2| and the closely related mathematical technique of conformal 
transformation. The latter has been widely used in recent years in the context of scalar- 
tensor theories, non-linear gravitational theories, cosmology, non-minimally coupled 
scalar fields (see Refs. |^, Q for reviews). Further, conformal transformations leave the 
light cones unchanged; the propagation of light and the causal structure of spacetime are 
unaffected. It is a natural step to use conformal transformations in problems involving 
sources of gravity with radiation-like properties. 

A new approach is explored in this paper by using the well known but seldom used 
conformal invariance of BD theory when T^^, = 0. Initially, we notice that the symmetry 
enjoyed by the purely gravitational sector of the BD action also occurs when matter 
with T = is included into the action. Then the entire BD action is invariant under 
an one-parameter Abelian group {J-^a} of transformations J-'a consisting of a conformal 
rescaling of the metric and a suitable scalar field redefinition. A change cu — >■ d) of the 
BD parameter is equivalent to a symmetry operation J-'a that moves BD theory within 
an equivalence class S. The u; — *> cxd limit is also seen as a parameter change that moves 
BD theory within the same equivalence class S. General relativity is not invariant under 
the action of a transformation J-'^, and therefore it cannot be obtained by taking the 
LJ — i> 00 limit, an operation that cannot bring a BD spacetime (M,gjj^\(l)^'^^] outside 
the class S. Obtaining general relativity from BD gravity may be an illusion. 



On the other hand, when the trace of the stress-energy tensor does not vanish, BD 
gravity is not invariant under the transformations Ta-, and a change in the cj-parameter 
or the cu — > oo hmit do not move a BD spacetime f M, ^f^'^-', 0^"^^ within an equivalence 
class; general relativity can then be reobtained. The new approach based on conformal 
transformations allows one to derive the asymptotic behavior ( |1.3|) of the BD scalar field 
when T = with a rigorous computation. 

Previous works on the problem of the Einstein limit of BD theory focussed on par- 
ticular BD solutions. In the present paper, instead, we present general results, without 
referring to special solutions. 

This paper details the new approach to the problem of the Einstein's limit of Brans- 
Dicke gravity; the preliminary results and method which were outlined in a previous 
letter ^^ . Section 2 develops the formalism related to the conformal invariance property 



of BD gravity. Then the symmetry property is applied to the problem of the uj ^f oo 
limit. The asymptotic behavior of the BD field is studied in Sec. 4, while Sec. 5 presents 
a discussion and the conclusions. 

Throughout the paper, we use the metric signature — h + +; the Riemann tensor is 
given in terms of the Christoffel symbols by R^.^p'' = V^p,^ - V^^^ + V^pV^^ - KpT'^^, the 
Ricci tensor is -R^p = Rp.yp" , and R = g^^Rais- V^ is the covariant derivative operator, 
□ = gf^'^S/p^Vu, and we use units in which the speed of light and Newton's constant 
assume the value unity. 

2 Brans— Dicke theory and conformal invariance 

The starting point of our analysis is the BD action in the so-called Jordan conformal 
frame 

UJ 



SbD = — I d Xy/^ 
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where Smatter is the matter part of the action which is independent of the BD scalar field 
0. The BD field equations are 

R,.u - -9,.uR =^Tp, + ^ (v^0V,0 - -(7^,V"0V<,0) + - (V^V,0 - gp,a(j)) , (2.2) 

°0 = ^- (2.3) 

3 + 2a; 

Let us consider the purely gravitational sector of the theory. Under the conformal 
transformation 

g^Liy — ' g^Liy = ^'^9t^u , (2.4) 



where f2(x") is a non- vanishing smooth function, the Ricci curvature R and the Jacobian 
determinant \/—g appearing in the action (|2.1|) transform as [46 -[48| 



R = VL~ 
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The integrand in the purely gravitational part of the action ( p.l|) is 



^-^^''-^-m^-^"^^^ 



The ansatz 
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with a 7^ 1/2 for the conformal factor Q, and the redefinition of the scalar field 



yield 



where 
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Thus, the gravitational part of the BD action is left unchanged in form by the trans- 



formation J^a consisting of the conformal rescaling (|2.4| ), (|2.7] ), and the change of the 
scalar field variable ( |2.8| ) for a ^ 1/2. The transformations 



J-„ : (m, <?(-), 0(-)) -^ (M,^(t\0^^O 



(2.11) 



mapping a BD spacetime f M, gj^^J, cp^^A into another constitute an one-parameter Abelian 
group of symmetries with a singularity in the parameter dependence at a = 1/2. To 
prove this statement, one begins by noticing that the consecutive action of two maps 
J-'a, ^f3 of the kind ( |2.4| ), (|2.7]), ( p.8| ) is a map of the same kind: 



J^ot ° ''13 — ''' 



7 ' 



where 



7(a,/3) = a + (3 - 2ap . 



(2.12) 
(2.13) 



Furthermore, a,l3 ^ 1/2 implies 7(0, /5) 7^ 1/2. For a < 1/2, the identity corresponds 
to the transformation with a = 0, 

JFo = Identity . (2.14) 

The inverse {Ta)~ of the transformation JF^ is the map JF^, where 



( 



for a < 1/2. Finally, since 7(0, /3) = 7(/3, a), the group [J-^a] is commutative. 

The group {J^a] establishes an equivalence relation: two BD spacetimes (M, g^^J ., 4>^^^ 

M, gj^\ (p^'^n are equivalent if they are related by a transformation JF^,. All the space- 
times (M, g^^, (p) related by such a map constitute an equivalence class £. This property 
is crucial in the understanding of the anomalous behavior of BD solutions when a; -^ 00 
and T = 0, which is discussed in the next section. 

3 Application to the ct; ^ oo limit of Brans— Dicke 
theory 

In the previous section we considered the purely gravitational part of the BD Lagrangian 
( ^.11 ). When ordinary (i.e. other than the BD scalar) matter is added to the BD action, 
the conformal invariance is generally broken. However the transformations Ta are still 
symmetries of Brans — Dicke theory when the stress-energy tensor T^^ has a vanishing 
trace. In fact, under the conditions T^^ = T^^ and T = 0, the conservation equation 

V%. = (3.1) 

containing the dynamical equations for the motion of matter, is conformally invariant 
1^. We notice that, in the Jordan frame, the stress-energy tensor T^i, does not depend 



on the scalar field 0, and hence it is not affected by the change of the 0-variable 
Then the total BD action is invariant under the action of the group of transformations 
{JFq,} if T = 0. This salient feature of invariance of the BD action in the presence of 
matter has not apparently been previously observed. From the physical perspective, the 
lack of conformal invariance corresponds to the presence of a length or mass scale in 
the theory. This happens in general relativity. Conformal invariance corresponds to the 
absence of a preferred length or mass scale in the theory, hence to scale-invariance. 



With the understanding afforded by this new observation, when T = 0, a change 
of the BD parameter cj — ;> (D is equivalent to a transformation Ta for a suitable value 
of the parameter a. A BD spacetime {M,g^^,(j)) is moved into the equivalence class S 
discussed in the previous section. In particular, one can consider a parameter change in 
which uj ^ 1. This is made possible by the fact that the function u{a) given by Eq. ( p.4|) 
has a pole singularity at a = 1/2 and it can assume arbitrarily large values there. Also 
the a; — >■ cxD limit can be seen as a parameter change uj —>■ u, where a) grows without 
bound. The result is that this limit simply moves the BD spacetime (M,g^^\(f)^'^''] 
within the equivalence class S. General relativity, however is not conformally invariant 
T6| . This is the reason why GR cannot be obtained as the tu ^ oo limit of BD theory 



when T = 0. If matter with T 7^ is added to the BD gravitational Lagrangian, the 
conformal equivalence is broken. 

This explanation of the anomalies in the cj ^ 00 limit emerges in a simple and clear 
way in the new approach based on conformal transformations. This possibility relies 
upon the structure of the function uj{a) given by Eq. ( p.lOp , which deserves further 



comment. Lu{a) has four branches, symmetric about a = 1/2, which is a pole singularity, 
and about uj = —3/2. Since both the a < 1/2 and the a > 1/2 branches span the entire 
range (— cxd, +00) of the parameter u, we restrict our considerations to only one of the two 
branches. In this paper, we choose the a < 1/2 branch for ease of demonstration. Then 
ij = UJ ai a = 0, which corresponds to the identity J-'o, in the group of transformations 
O, (O) and O. 

The a -^ 1/2 limit corresponds to the cj -^ 00 limit of the BD parameter. It is 
indeed convenient to use the new parameter a instead of the usual cu (or cD ); and this 



is done in the next section. It is well known |53, 53| that when a = 1/2, the conformal 
transformation 

gfiu — ^gfiu = 4>9i^u (3.2) 

in conjunction with the BD scalar field redefinition 

^^i^# (3.3) 

recasts the theory in the so-called Einstein conformal frame (or "Pauli frame"). In the 
Einstein frame, the gravitational part of the action becomes that of Einstein gravity plus 
a non self-interacting scalar field as a material source. 



S = d!^xJ —g 



16tt 2^ ^^ ^ 



(3.4) 



In the Einstein frame, one cannot contemplate solutions of the vacuum Einstein equa- 
tions R^j^i, = 0, because the scalar field cannot be eliminated. In addition, the scalar 
exhibits an anomalous coupling to the energy-momentum tensor of ordinary matter if 



T 7^ ([^ and references therein). 



The transformation (|3.2| ), (|3.3|) is well known since the original BD paper |^; and 



has been generalized and applied a number of times to scalar-tensor and non-linear 
gravity theories. In the Einstein frame, the u parameter disappears and there is no 
u; -^ oo limit. 

Finally, we note that the u = —3/2 BD theory corresponds to the a -^ ±oo limit 
and is a fixed point of the transformation J-'a given by Eqs. ( |2.4| )-( p75| ). In fact, for 
a = oo we obtain uj = u = —3/2 from Eq. (|2.1CI|) . Although the BD field equations 
( [^.2D , ( p^.3D are not defined in the form presented here for u = —3/2, the corresponding 
theory is sometimes studied. 

The formalism of conformal transformations allows a general treatment of the cj ^ oo 
limit of BD theory without resorting to special exact solutions. In the next section, we 
show that the new approach allows a straightforward computation of the asymptotic 
behavior of the BD field, which is the root of the problems in the uj —>■ oo limit. 

4 Asymptotic behavior of the BD scalar for uj ^ oo 

It is generally difficult to obtain a series expansion of the BD scalar field in powers 
of 1/uj for cj ^ oo. This is the reason why the asymptotic behavior of has been 
derived only as an order of magnitude estimate [20, 33|, or exactly only for special 
solutions. Contrary to the standard tenet that = constant + O {uj~^) a.s u —>■ oo, the 
scaling = constant + O fcj"^/^) has been obtained when the trace T of the matter 
stress-energy tensor vanishes [^ . 



Instead of using the BD parameter u, we consider the new parameter a obtained by 
inverting Eq. (p.lO|) , 



for UJ > —3/2, keeping in mind that the situation is symmetric for uj < —3/2. The limit 
oj ^ oo corresponds to a — > 1/2, and Eq. (p78|) yields 



3 \i/2 

i^y 1.^ (4.2) 



as cD — s> oo. Since the "old" BD scalar field corresponds to the fixed value u = oi 
the parameter, its value is not affected by the limit cD — > oo; then the "new" BD field (p 
has the asymptotic behavior (p..3D. 

The second term in the right hand side of Eq. ( p.2|) does not go to zero in the uj -^ oo 
limit because V^0 = =F (3/2u;) V^^ln^ and 

i = J (V^0V,0 - ^^;..V>V,0) -^ ^ (V^0V,0 - ^ (?^.V>V„0) , (4.3) 



and Eq. ( p.2[ ) does not reduce to the Einstein equation with the same T^^, as a; -^ cxd. 
In this sense, the asymptotic behavior of the BD scalar when cj — i> oo determines 
whether a metric which solves the BD equations ( |2.2| ), ( p.3| ) converges to a solution of 
the Einstein equations. 
The quantity 

A=^ (V^0V.0 - ^ ^^.V>V,0) (4.4) 

cannot be identically vanishing: in fact, assuming that A = 0, one has two possibilities. 
i) Vo0V"0 = 0; then d^(j) = ^ind (p is identically constant, which does not correspond 
to a BD solution. 
ii) Va0V"0 7^ 0: in this case one defines the vector 

-' = ^^ (4.5) 



|Va0V 

which has unit norm u^u'^ = 1. The vanishing of A corresponds to g^u = 2u^u,^. The 
trace of the latter equation gives u^u^ = 2, which contradicts the normalization of u^. 

When matter represented by a stress-energy tensor T^^^ with non-vanishing trace 
is present, the invariance under the group {J-^a} is broken, and the conformal transfor- 
mation approach cannot be applied. Then, only the order of magnitude estimate ( |1.2| ) 



instead of (|1.3|) is available [^ (we still lack a rigorous derivation of Eq. (|1.2| ) when 
T^O). 

5 Discussion and conclusions 

When Brans-Dicke theory fails to reproduce general relativity it is disturbing as this 
contradicts the standard belief exposed in the textbooks, and indeed it is the basis for 
placing lower limits on the BD parameter u using Solar System experiments. Repeated 

10 



observations have been made in the hterature that many exact solutions of BD theory 
fail to give back the corresponding general relativistic solution in the c<j ^ oo limit 
when the trace T of the matter energy-momentum tensor vanishes |^-||25[, P7|-p5 



However, the connection between the vanishing trace and the problematic of obtaining 
general relativity as the tu — *> oo limit of BD theory was tentatively established only in 
Ref. |3|. 



It is rather a natural step to look at the conformal symmetry property of BD theory 
when matter with T = is added to the BD gravitational action, and to apply confor- 
mal transformation techniques. This new approach is useful as it permits an enhanced 
comprehension of the problems associated with the u; — > oo limit of BD theory. 

The tu — *> oo limit along with a parameter change uo ^>- Co can be seen as a transforma- 
tion which moves a BD spacetime (M, (7^'^'', 0*^'^M within an equivalence class that does 
not contain general-relativistic spacetimes. Moreover, a new parameter is introduced 
which is more appropriate than the usual cu-parameter. The asymptotic behavior of the 
BD scalar field was previously obtained by using merely an order of magnitude estimate, 
and was verified only for particular exact solutions. Now, the behavior of as u; ^ 00 
can be computed using the new approach. 

The condition T 7^ is not a necessary and sufficient condition for BD exact solutions 
to reduce to the corresponding solutions of the Einstein equations, contrary to what was 
stated in Ref. [^]. In fact, certain solutions corresponding to T 7^ are known, which 



fail to reduce to the corresponding general relativistic solutions when u; — > 00 I^Qj. What 
has been proved in this paper is that solutions with T = generically fail to reduce to 
the corresponding solutions of general relativity when cj — i> 00 (apart from the trivial 
case of the Minkowski metric corresponding to = constant). An explanation which is 
independent of particular exact solutions has been given for this behavior. 

Of course, the results of this paper do not exclude that solutions associated to a 
nonvanishing trace T 7^ fail to have the expected general-relativistic limit, for reasons 
different from the ones described in this paper, and examples of such situations have 



been reported in the literature |21, 28, 29 



Regarding the application of BD and scalar tensor theories to cosmological scenarios, 
using the new approach of this paper it becomes easy to understand why the general 
relativity - as - an - attractor behavior of scalar-tensor theories |T^-|T^ has been 
discovered to occur during the matter-dominated era or during inflation, but not during 
the radiation era. In fact, during the latter epoch, the radiation equation of state 
P = p/3 makes the trace of the stress-energy tensor T vanish, and even if cj — ^ cx) 
it would be impossible to recover general relativity as a limiting solution and as an 
attractor. Indeed it has been shown that general relativity is very peculiar in the space 
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of scalar-tensor theories and that a scalar-tensor theory does not always contain an 



attractor mechanism towards general relativity |jT3|, [15 . 

The approach presented here is not a panacea, however and its limitations must be 
balanced with its proper application. It is useful only when T'^^ = and it does not 
exhaust the understanding of the BD theory. The situation can be quite complicated; to 
obtain some general insight of what happens in the limit of a spacetime as one parameter 
varies consider, for example, the partial differential equation 

L(a)/(x") = 0, (5.1) 

where L{a) is a partial differential operator depending on the parameter a. Let Lq be 
the limit of L{a) as a ^ 0, and let /o be the limit 

/o = lim/(a;"). (5.2) 

li ip is a solution of the equation Lq/ = 0, then in general one has ip ^ /q. Although 
the tu — i> oo limit of the BD field equations usually yields the Einstein equations when 
T 7^ 0, it is not trivial that a BD exact solution tends to the corresponding solution of 
the Einstein equations in the same limit. This property of the BD field equations has 
not yet been investigated in the literature. 

The tu — i> oo limit of a BD solution is even more ambiguous when there is more than 
one parameter involved. This is the case of BD exact solutions which often depend on 
more parameters than the corresponding solution of the Einstein equations [^. If n 
parameters ai, 02, ...,«« are present in a solution / (ai, ..., a^, ..., a„, x), the limits 

lim lim / (5-3) 

a,— >0 tti— ►0 



and 



lim lim / , (5-4) 

a^— >0 a,— >0 



in general, do not coincide. Often the general relativistic solution can be obtained only 
for particular combinations of the parameters. Examples are given in Refs. [E3, B^, |50|, 



From a more general point of view, the limit of spacetimes when a parameter varies 
may not be well defined even within the context of general relativity. The limit of a 
particular solution of the Einstein equations, when it exists, depends on the coordinate 



system adopted and hence it may not be unique |^. For example, the limit of the 



Schwarzschild solution as the mass diverges is the Minkowski space or a Kasner space 

12 



A coordinate-independent approach based on the Cartan scalars has been pursued 

It 



in the context of general relativity [26| and applied to the cj — ;> oo of BD theory |27 



emerges that the limit of BD solutions to general-relativistic solutions corresponding to 
the same stress-energy tensor is not unique, or the limit may not yield a GR solution 



at all [^. These issues are worth further investigation in the future. 
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